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Excitation of nonlinear two-dimensional wake waves in radially nonuniform plasma
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It is shown that an undesirable curvature of the wave front of a two-dimensional nonlinear wake wave,
excited in uniform plasma by a relativistic charged bunch or laser pulse, may be compensated by radial change
of the equilibrium plasma density/S1063-651X%99)06510-1

PACS numbgs): 52.40.Mj, 52.35.Mw, 52.40.Nk, 52.75.Di

The progress in the technology of ultrahigh intensity la-the steepening of the wake wave and the increase of wave-
sers and high-current relativistic charged bunch sources pelength with amplitude. The wave with the amplitué,,,
mits the use of laser puls¢4] or charged bunchel@] for ~ ~E, has a wavelength nearly? times as large as the
excitation of strong plasma waves. The excited plasmdinear wavelength .
waves can be used for both acceleration of charged particles In reality, the transverse sizes of the drivers used are or-
and focusing of bunches to get high luminosity in the lineardinarily comparable or less than their longitudinal size. The
colliders[2]. At present, the plasma-based accelerator conallowance for finite transverse sizes of the drivers and, ac-
cepts are being actively developed, both theoretically angordingly, the transverse motion of plasma electrons, com-

experimentally(see the overview in Ref3] and references plicate the treatment of the probl_em in the_ nonlinegr regi_me.
therein. In the general case, the analytical solution of this regime

seems impossible, and here the use of numerical methods are
usually required. The numerical investigation of nonlinear
effects in two-dimensional(axially symmetrical wake
S Fel waves excited in uniform plasma has shown that in the non-
_1)]1/2EWB/'8_' whgrey:_(l—ﬁz) His a relativistic fac- ;0 regime the wavelength becomes dependent on the
tor, B=vpn/c is a dimensionless phaselyelocltg/ of the wave,ansyersdrelative to the driver propagation directioroor-
Ewe=MewpeVpn/e (Ewel V/cm]~0.960; 2[‘3(” 1) is the  dinate[3,8-10. The change of a nonlinear wavelength in the
conventional nonrelativistic wave-breaking fieldwye  transverse direction is due to the dependence of the wave-
= (4mn,e?/m)2is the electron plasma frequency, is the length on the amplitude, that, in its turn, is varied in the
equilibrium density of plasma electrons), and e are the  radial direction owing to the finite cross section of the driver.
mass and absolute value of the electron charge. The accethis leads to a curvature of the phase front of the nonlinear
eration rate in the wake fields can reach tens of GeV/imyayve[8-10, to steepening and “oscillations” of the field in
which much exceeds the rates reached in conventional accghe transverse directioi10,11] and eventually to the devel-
erators. opment of turbulence. From the viewpoint of acceleration
The linear wake-field theory is valid whef},,,<Ewg. I and focusing of charged bunches in the wave, the curvature
the case of wake wave excitation by relativistic charged parof the nonlinear wave front is undesired as the qudbtyit-
ticle bunch[plasma wake-field accelerat®WFA)] this cor-  tance, monochromaticityof the driven bunch worsens. In
responds to the condition=|q|n,/en,< 1[2], whereqis  the present work we show that by means of wake wave ex-
the charge of bunch particles, is their concentration. In the  citation in plasma, the density of which is properly varied in
scheme of wake wave excitation by a short laser pdéthe  the transverse direction, one can eliminate the nonlinear
length comparable with plasma wavelength=2mv,,/  change of wavelength in the transverse direction and the re-
wpe; laser wake-field acceleratdrWFA)], the linear theory  |ated curvature of phase front. The plasma of this kind may
is valid whena®=e?E}/(m’c?wj)<1[5], where wo>w,e  be produced by charged beapig] or laser pulsefl3] pass-
and E, are the frequency and amplitude of laser radiationjng through a neutral gas or a partially ionized uniform
respectively. The phase velocity of the wake wave is equal tplasma due to an additional ionization.
the bunch velocity, in PWFA and to the laser pulse group  Equations for nonzero components of plasma electrons
velocity vg~c (1-w’J/2wd)(that corresponds toy=y, momentum and electromagnetic field describing the steady
~wolwpe>1) in LWFA. nonlinear wake fields in radially nonuniform plasma can be
The one-dimensional nonlinear wake waves excited bybtained by a simple generalization of equations for uniform
wide drivers(whenk,r 4> 1, wherek,= wpe/Vph is the wave  plasma[10,11,14,1%
number andrgy is the radius of the drivgrare studied in
sufficient detail both for PWFA6] and LWFA[7]. These ’3‘9_'32_ %—BZE -0 (1)
studies testify to the feasibility of excitation of strong non- Jz 0z £
linear plasma waves with an amplitude of up By, by
bunches witha=0.5 and laser pulses with*=1. The other Py dy,

27 B2 —
important results of the one-dimensional nonlinear theory are B dz  or AE=0, @

The amplitude of longitudinal electric field,,,, in rela-
tivistic wake waves excited in cold plasma is limited
by the relativistic wave-breaking field4] E,e=[2(y
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FIG. 1. The two-dimensional nonlinear wake wave in uniform
plasma[Ny(r)=1 ]. The parameters of the bunch aig=0.4,
o,=2, o,=5, y=10. (a) The density of plasma electroiy and

of the bunch. Curve 1: the density of plasma electrons at the axis,

r=0; Curve 2: the same far=2; Curve 3:r=4; Curve 4:r=5;
Curve 5: the density of bunch at the axi$z,r =0). (b) The lon-
gitudinal electric field for =0, 2, 4, and 5 in the order of magni-
tude reduction(c) The focusing fieldf,=8H,—E,. Curve 1:r
=2: Curve 2:;r=4; Curve 3:r=5. All variables are normalized.
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FIG. 2. The radial behavior of the normalized longitudinal elec-
tric field strengthE, . Curve 1:E,(z= —25y) in the nonlinear wake
wave excited in uniform plasma for the case given in Fig. 1
(|AZ]=¢) [see Eq.(9)]; Curve 2: E,(z=—25y) in nonuniform
plasma for the case given in Fig. 3.

IE,
VLH0+B§+BZN6+BQZOI (4)
aH, OE, JE,
oz o % ®)
JE,
Ne:Np(r)—a—VLEr—ﬁ. (6)

As usual, Eqs(1) and (2) were derived taking into account
the conservation of generalized momentydtH — rotP=0,
or in our case

aP,
ar

P,
gz

B?Hp+ (7)

In Egs.(1)—(6), ye=(1+P2+P?+a%2)'2 B, =P, Iy,
andN¢=n./n,(r=0) are, respectively, a relativistic factor,
dimensionless components of velocity, and dimensionless
density of plasma electron®y,=n,(r)/ny(0), B=vyy/c,
Z2=Kkp(r=0)(Z=vput) V, =dldr+1Ir. Also, the following
dimensionless variables have been used: the space variables
are normalized o ,(r =0)/2m=1/k,(r =0), the momenta
and velocities, respectively, an.c and the velocity of light
and the strengths of electric and magnetic fields, on the non-
relativistic wave-breaking field at the axi&g(r=0)
Mewpe(r =0)vpn/e. The field of forces acting on relativ-
istic electrons in the excited field i$(—eE,,—e(E,
—BH,),0). In PWFA a+#0, a®2=0 and in LWFA a=0, a2
#0 [in Egs.(1)—(6) the linear polarization of the laser pulse
field is assumed; for the circular polarization the valueaof
should be multiplied by the factor'Z].

We have solved Eqg1)—(6) numerically, choosing the
Gaussian profile of the driver both in longitudinal and trans-
verse directions:

)

A(z,r)=Aqexd — (z—zo)?/ o2 ]exp — 2/ o?),
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FIG. 3. The 2D nonlinear wake wave in nonuniform plasma
with o,=11. The bunch parameters are the same as in Fig) 1.
The density of plasma electrons verafer r=0, 2, 4, and 5 in the
order of magnitude reductionlb) The same for the longitudinal
electric field. (c) The focusing field. Curve 1r=2; Curve 2:r

=4; Curve 3:r=5. All variables are normalized.

where A(z,r) stands fora=ng(z,r)/ny,(r=0) or a’(zr).
Shown in Fig. 1 is the nonlinear two-dimension&@D)
plasma wake wave excited in uniform plaspig,(r) =1] by
the relativistic electron bunchey=0.4, 0,=2, o,=5; for
example, in this casey,,=4x 10" cm™2 and the character-
istic longitudinal and transverse sizes of the buiagh /k,

o0
2T

BRIEF REPORTS

Ne

correspondingly are 1.06 and 2.65 mm, wh
=10"* cm 3). One can see that the wavelength changeshanging the equilibrium density of plasma in the radial di-

with the radial coordinate. This leads to curving of the
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FIG. 4. The two-dimensional nonlinear wake wave excited by
laser pulse. The pulse parameters aﬁs:3.6, 0,=2, 0,=5,
v=10. (@) The dimensionless accelerating fidlgd excited in uni-
form plasmar =0, 2, 4, and 5 in the order of magnitude reduction.
(b) The same in the nonuniform plasma,=12.

phase front and to “oscillations” in the transverse direction
(see Fig. 2, curve)1As |z| increases, the change of phase in
transverse directiortfor fixed z) becomes more and more
marked. The longitudinal space parameter characterizing the
nonlinear wave front curving igL0]:

_ )\P
C2[1-N,/A(0)]" ©)

3
where A(r) is the nonlinear wavelength. At the distance
|Az|~ ¢ from the driver, the oscillation phase at the axis (
=0) is opposite to that on the periphery= o). Thus, in
2D nonlinear regime the nonlinear wavelength changes with
r due to the nonlinear increase of the wavelength with wave
amplitude. On the other hand, the linear wavelenyh
~ n,;l’z decreases with equilibrium density of plasma. Hence
follows an opportunity to compensate the nonlinear increase
in wavelength by reducing the wavelength that is due to the
growth of equilibrium density of plasma. Indeed, assume that
the nonlinear wavelength of the 2D wake wave in the uni-
form plasmaA (r) is known. Then, one can roughly compen-
sate for the radial variation of the nonlinear wavelength by

rection according to the relation
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A(O)/A(r):)\p(r)/)\p(O):[np(O)/np(r)]l’Z. (10 of particles accelerated by a wake wave a few Rayleigh
_ . _ _ lengths Zg=mr3/\, wherer, is the minimum laser pulse
In this case, the equation for equiphase surfaces-isonst,  spot size at the focal point andis the laser wavelength. For
and, therefore, the solution for fields could be written in thehigh-intensity laser pulses, the quantiy is usually of the
form f,(2)f5(r). If we assume that the functioh(r) is  order of several millimeters. One of the approaches in pre-
Gaussiarfthat is approximately the case at leastfefor,  venting diffraction broadening of the laser pulse and the in-
according to numerical data for profil€8)], then one can ¢rease of laser-plasma interaction distance, is the guiding of
take the transverse profile of the equilibrium plasma densityne pulse in a preformed plasma density chariBél Here,
to be also Gaussian: the unperturbed plasma density grows from the pulse axis
-~ 22 (r=0) to its periphery, in contrast with the radial profile of
Np(F) =Npo €Xp( =1/ 07y). 1D the plasma density that was proposed above, for prevention
of phase front curvature of a nonlinear wake wave when the
plasma density at the driver axis is at a maximum. In the case
ap=r/[IN(A(0)/A(r))]*2 (120  of nonlinear wake wave excitation by high power laser
pulses (of power P>P.=2c(e/re)) wg/wpe(r =0)]2
For example, according to E412), the numerical data for ~1ﬁwo/wpe(r=0)]ZGW, wherer ;= e?/m.c? is the classi-
A(r) in the nonlinear wave shown in Fig. 1 give,~11.  cal electron radius the process of diffraction broadening of
Thus, in the radially nonuniform plasma, the density ofa Jarger part of pulse, including the case of proposed equi-
which is changed according to Eq4d1) and(12), one can [ibrium profile of plasma, may be prevented or essentially
practically avoid undesirable curvature of the wave front of aretarded due to the relativistic self-focugiiy One can es-
nonlinear wave. Figures 3 and 4 illustrate the validity of thistimate the condition of relativistic self-focusing in our case
assertion, respectively, for PWFA and LWR#ee also Fig. from the following relation(see, e.g., Sec. VI in Ref3]):
2, curve 2. One can see that the nonlinear wavelength in thep/P . >1+(An/Ang)(rs/ro)* whererg is the spot size,
nonuniform plasma with proper radial profile, does not prac-Ap = Umrrd, An=n,(0)—n,(o,) is the radial variation
tically change in the transverse direction. _ of unperturbed plasma density in the laser pulse.
As for the case of LWFA, one has to note that, as is well
known, without optical guiding, the diffraction limits the dis-  This work has been supported by the International Sci-
tance of laser-plasma interactiéand, hence, the energy gain ence and Technology Center under Project No. A-013.

From Egs.(10) and(11) it follows that
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