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Excitation of nonlinear two-dimensional wake waves in radially nonuniform plasma
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~Received 16 February 1999; revised manuscript received 2 June 1999!

It is shown that an undesirable curvature of the wave front of a two-dimensional nonlinear wake wave,
excited in uniform plasma by a relativistic charged bunch or laser pulse, may be compensated by radial change
of the equilibrium plasma density.@S1063-651X~99!06510-1#

PACS number~s!: 52.40.Mj, 52.35.Mw, 52.40.Nk, 52.75.Di
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The progress in the technology of ultrahigh intensity
sers and high-current relativistic charged bunch sources
mits the use of laser pulses@1# or charged bunches@2# for
excitation of strong plasma waves. The excited plas
waves can be used for both acceleration of charged part
and focusing of bunches to get high luminosity in the line
colliders @2#. At present, the plasma-based accelerator c
cepts are being actively developed, both theoretically
experimentally~see the overview in Ref.@3# and references
therein!.

The amplitude of longitudinal electric fieldEmax in rela-
tivistic wake waves excited in cold plasma is limite
by the relativistic wave-breaking field@4# Erel5@2(g
21)#1/2EWB /b, whereg5(12b2)21/2 is a relativistic fac-
tor, b5vph /c is a dimensionless phase velocity of the wav
EWB5mevpevph /e (EWB@V/cm#'0.96np

1/2@cm23#) is the
conventional nonrelativistic wave-breaking field,vpe
5(4pnpe2/me)

1/2 is the electron plasma frequency,np is the
equilibrium density of plasma electrons,me and e are the
mass and absolute value of the electron charge. The a
eration rate in the wake fields can reach tens of GeV
which much exceeds the rates reached in conventional a
erators.

The linear wake-field theory is valid whenEmax!EWB. In
the case of wake wave excitation by relativistic charged p
ticle bunch@plasma wake-field accelerator~PWFA!# this cor-
responds to the conditiona5uqunb /enp! 1@2#, whereq is
the charge of bunch particles,nb is their concentration. In the
scheme of wake wave excitation by a short laser pulse@of the
length comparable with plasma wavelengthlp52pvph /
vpe ; laser wake-field accelerator~LWFA!#, the linear theory
is valid whena25e2E0

2/(me
2c2v0

2)!1 @5#, wherev0@vpe

and E0 are the frequency and amplitude of laser radiati
respectively. The phase velocity of the wake wave is equa
the bunch velocityvb in PWFA and to the laser pulse grou
velocity vg'c (12vpe

2 /2v0
2)~that corresponds tog5gg

'v0 /vpe@1) in LWFA.
The one-dimensional nonlinear wake waves excited

wide drivers~whenkpr d@1, wherekp5vpe /vph is the wave
number andr d is the radius of the driver! are studied in
sufficient detail both for PWFA@6# and LWFA @7#. These
studies testify to the feasibility of excitation of strong no
linear plasma waves with an amplitude of up toErel by
bunches witha*0.5 and laser pulses witha2*1. The other
important results of the one-dimensional nonlinear theory
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the steepening of the wake wave and the increase of w
length with amplitude. The wave with the amplitudeEmax
'Erel has a wavelength nearlyg1/2 times as large as the
linear wavelengthlp .

In reality, the transverse sizes of the drivers used are
dinarily comparable or less than their longitudinal size. T
allowance for finite transverse sizes of the drivers and,
cordingly, the transverse motion of plasma electrons, co
plicate the treatment of the problem in the nonlinear regim
In the general case, the analytical solution of this regi
seems impossible, and here the use of numerical method
usually required. The numerical investigation of nonline
effects in two-dimensional~axially symmetrical! wake
waves excited in uniform plasma has shown that in the n
linear regime the wavelength becomes dependent on
transverse~relative to the driver propagation direction! coor-
dinate@3,8–10#. The change of a nonlinear wavelength in t
transverse direction is due to the dependence of the w
length on the amplitude, that, in its turn, is varied in t
radial direction owing to the finite cross section of the driv
This leads to a curvature of the phase front of the nonlin
wave@8–10#, to steepening and ‘‘oscillations’’ of the field in
the transverse direction@10,11# and eventually to the devel
opment of turbulence. From the viewpoint of accelerati
and focusing of charged bunches in the wave, the curva
of the nonlinear wave front is undesired as the quality~emit-
tance, monochromaticity! of the driven bunch worsens. In
the present work we show that by means of wake wave
citation in plasma, the density of which is properly varied
the transverse direction, one can eliminate the nonlin
change of wavelength in the transverse direction and the
lated curvature of phase front. The plasma of this kind m
be produced by charged beams@12# or laser pulses@13# pass-
ing through a neutral gas or a partially ionized unifor
plasma due to an additional ionization.

Equations for nonzero components of plasma electr
momentum and electromagnetic field describing the ste
nonlinear wake fields in radially nonuniform plasma can
obtained by a simple generalization of equations for unifo
plasma@10,11,14,15#:

b
]Pz

]z
2

]ge

]z
2b2Ez50, ~1!

b
]Pr

]z
2

]ge

]r
2b2Er50, ~2!
6210 © 1999 The American Physical Society



t

r,
ess

ables

on-

-

e
f

s-

m

x

-

c-

1

PRE 60 6211BRIEF REPORTS
2
]Hu

]z
1b

]Er

]z
1b rNe50, ~3!

FIG. 1. The two-dimensional nonlinear wake wave in unifor
plasma@Np(r )51 #. The parameters of the bunch area050.4,
sz52, s r55, g510. ~a! The density of plasma electronsNe and
of the bunch. Curve 1: the density of plasma electrons at the a
r 50; Curve 2: the same forr 52; Curve 3:r 54; Curve 4:r 55;
Curve 5: the density of bunch at the axisa(z,r 50). ~b! The lon-
gitudinal electric field forr 50, 2, 4, and 5 in the order of magni
tude reduction.~c! The focusing fieldf r5bHu2Er . Curve 1: r
52; Curve 2:r 54; Curve 3:r 55. All variables are normalized.
¹'Hu1b
]Ez

]z
1bzNe1ba50, ~4!

b
]Hu

]z
2

]Er

]z
1

]Ez

]r
50, ~5!

Ne5Np~r !2a2¹'Er2
]Ez

]z
. ~6!

As usual, Eqs.~1! and ~2! were derived taking into accoun
the conservation of generalized momentumb2H2rotP50,
or in our case

b2Hu1
]Pz

]r
2

]Pr

]z
50. ~7!

In Eqs.~1!–~6!, ge5(11Pz
21Pr

21a2/2)1/2, bz,r5Pz,r /ge ,
andNe5ne /np(r 50) are, respectively, a relativistic facto
dimensionless components of velocity, and dimensionl
density of plasma electrons,Np5np(r )/np(0), b5vph /c,
z5kp(r 50)(Z2vpht) ,¹'5]/]r 11/r . Also, the following
dimensionless variables have been used: the space vari
are normalized onlp(r 50)/2p51/kp(r 50), the momenta
and velocities, respectively, onmec and the velocity of light
and the strengths of electric and magnetic fields, on the n
relativistic wave-breaking field at the axisEWB(r 50)
5mevpe(r 50)vph /e. The field of forces acting on relativ
istic electrons in the excited field isF„2eEz ,2e(Er
2bHu),0…. In PWFA aÞ0, a250 and in LWFA a50, a2

Þ0 @in Eqs.~1!–~6! the linear polarization of the laser puls
field is assumed; for the circular polarization the value oa
should be multiplied by the factor 21/2].

We have solved Eqs.~1!–~6! numerically, choosing the
Gaussian profile of the driver both in longitudinal and tran
verse directions:

A~z,r !5A0 exp@2~z2z0!2/sz
2#exp~2r 2/s r

2!, ~8!

is,

FIG. 2. The radial behavior of the normalized longitudinal ele
tric field strengthEz . Curve 1:Ez(z5225,r ) in the nonlinear wake
wave excited in uniform plasma for the case given in Fig.
(uDzu'j! @see Eq.~9!#; Curve 2: Ez(z5225,r ) in nonuniform
plasma for the case given in Fig. 3.
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where A(z,r ) stands fora5nb(z,r )/np(r 50) or a2(z,r ).
Shown in Fig. 1 is the nonlinear two-dimensional~2D!
plasma wake wave excited in uniform plasma@Np(r )51# by
the relativistic electron bunch (a050.4, sz52, s r55; for
example, in this casenb05431013 cm23 and the character
istic longitudinal and transverse sizes of the bunchsz,r /kp
correspondingly are 1.06 and 2.65 mm, whennp
51014 cm23). One can see that the wavelength chan
with the radial coordinater. This leads to curving of the

FIG. 3. The 2D nonlinear wake wave in nonuniform plasm
with sp511. The bunch parameters are the same as in Fig. 1~a!
The density of plasma electrons versusz for r 50, 2, 4, and 5 in the
order of magnitude reduction.~b! The same for the longitudina
electric field. ~c! The focusing field. Curve 1:r 52; Curve 2: r
54; Curve 3:r 55. All variables are normalized.
s

phase front and to ‘‘oscillations’’ in the transverse directi
~see Fig. 2, curve 1!. As uzu increases, the change of phase
transverse direction~for fixed z! becomes more and mor
marked. The longitudinal space parameter characterizing
nonlinear wave front curving is@10#:

j5
lp

2@12lp /L~0!#
, ~9!

where L(r ) is the nonlinear wavelength. At the distanc
uDzu'j from the driver, the oscillation phase at the axisr
50) is opposite to that on the periphery (r *s r). Thus, in
2D nonlinear regime the nonlinear wavelength changes w
r due to the nonlinear increase of the wavelength with wa
amplitude. On the other hand, the linear wavelengthlp

;np
21/2 decreases with equilibrium density of plasma. Hen

follows an opportunity to compensate the nonlinear incre
in wavelength by reducing the wavelength that is due to
growth of equilibrium density of plasma. Indeed, assume t
the nonlinear wavelength of the 2D wake wave in the u
form plasmaL(r ) is known. Then, one can roughly compe
sate for the radial variation of the nonlinear wavelength
changing the equilibrium density of plasma in the radial
rection according to the relation

FIG. 4. The two-dimensional nonlinear wake wave excited
laser pulse. The pulse parameters area0

253.6, sz52, s r55,
g510. ~a! The dimensionless accelerating fieldEz excited in uni-
form plasma.r 50, 2, 4, and 5 in the order of magnitude reductio
~b! The same in the nonuniform plasma,sp512.
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L~0!/L~r !5lp~r !/lp~0!5@np~0!/np~r !#1/2. ~10!

In this case, the equation for equiphase surfaces isz'const,
and, therefore, the solution for fields could be written in t
form f 1(z) f 2(r ). If we assume that the functionL(r ) is
Gaussian@that is approximately the case at least forr ,s r ,
according to numerical data for profiles~8!#, then one can
take the transverse profile of the equilibrium plasma den
to be also Gaussian:

np~r !5np0 exp~2r 2/sp
2!. ~11!

From Eqs.~10! and ~11! it follows that

sp5r /@ ln„L~0!/L~r !…#1/2. ~12!

For example, according to Eq.~12!, the numerical data for
L(r ) in the nonlinear wave shown in Fig. 1 givesp'11.
Thus, in the radially nonuniform plasma, the density
which is changed according to Eqs.~11! and ~12!, one can
practically avoid undesirable curvature of the wave front o
nonlinear wave. Figures 3 and 4 illustrate the validity of th
assertion, respectively, for PWFA and LWFA~see also Fig.
2, curve 2!. One can see that the nonlinear wavelength in
nonuniform plasma with proper radial profile, does not pr
tically change in the transverse direction.

As for the case of LWFA, one has to note that, as is w
known, without optical guiding, the diffraction limits the dis
tance of laser-plasma interaction~and, hence, the energy ga
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of particles accelerated by a wake wave! to a few Rayleigh
lengthsZR5pr 0

2/l, where r 0 is the minimum laser pulse
spot size at the focal point andl is the laser wavelength. Fo
high-intensity laser pulses, the quantityZR is usually of the
order of several millimeters. One of the approaches in p
venting diffraction broadening of the laser pulse and the
crease of laser-plasma interaction distance, is the guidin
the pulse in a preformed plasma density channel@3#. Here,
the unperturbed plasma density grows from the pulse a
(r 50) to its periphery, in contrast with the radial profile o
the plasma density that was proposed above, for preven
of phase front curvature of a nonlinear wake wave when
plasma density at the driver axis is at a maximum. In the c
of nonlinear wake wave excitation by high power las
pulses „of power P.Pc52c(e/r e)

2@v0 /vpe(r 50)#2

'17@v0 /vpe(r 50)#2GW, wherer e5e2/mec
2 is the classi-

cal electron radius…, the process of diffraction broadening o
a larger part of pulse, including the case of proposed eq
librium profile of plasma, may be prevented or essentia
retarded due to the relativistic self-focusing@3#. One can es-
timate the condition of relativistic self-focusing in our ca
from the following relation~see, e.g., Sec. VI in Ref.@3#!:
P/Pc.11(Dn/Dnc)(r s /r 0)4, where r s is the spot size,
Dnc51/pr er 0

2, Dn.np(0)2np(s r) is the radial variation
of unperturbed plasma density in the laser pulse.
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